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Abstract—Voltage Unbalance (VU) is a power quality issue 
arising within the low voltage residential distribution networks 
due to the random location and rating of single-phase rooftop 
photovoltaic cells (PVs). In this paper, an analysis has been 
carried out to investigate how PV installations, their random 
location and power generation capacity can cause an increase in 
VU. Several efficient practical methods are discussed for VU 
reduction. Based on this analysis, it has been shown that the 
installation of a DSTATCOM can reduce VU. In this paper, the 
best possible location for DSTATCOM and its efficient control 
method to reduce VU will be presented. The results are verified 
through PSCAD/EMTDC and Monte Carlo simulations. 
Keywords- Distribution Network, DSTATCOM, Single-phase 
Rooftop PV, Stochastic Evaluation, Voltage Unbalance 
I. INTRODUCTION 
Current and voltage imbalance are the most severe power 
quality problems in low voltage (LV) distribution networks 
[1]. Voltage imbalance is more common in individual 
customer loads due to phase load imbalances, especially where 
large single-phase power loads are used [2]. Although voltages 
well balanced at the supply side level, the voltages at the 
customer level can become unbalanced due to the unequal 
system impedances, unequal distribution of single-phase loads 
or large number of single-phase transformers [2]. Usually, the 
electric utilities try to distribute the residential loads equally 
among the three phases of distribution feeders [3]. 
An increase in the voltage imbalance can result in 
overheating and de-rating of all induction motor types of loads 
[4-5]. Voltage imbalance can also cause network problems 
such as mal-operation of protection relays and voltage 
regulation equipment, and generation of non-characteristic 
harmonics from power electronic loads [3]. 
In recent years, there is a growing interest by the 
residential customers to install single-phase grid-connected 
rooftop Photovoltaic cells (PVs) due to new energy and 
incentive polices in several countries [6]. The most important 
characteristic of these PVs is that their output power being fed 
to the grid is not controlled and is dependent on the 
instantaneous power from the sun [7]. Several technical 
problems of these systems such as harmonics, voltage profile 
and power loss are already studied and investigated in [8-10]. 
Along with the increase of rooftop PV application for 
residential loads, which are usually distributed randomly 
among the customers of the network, one of the main power 
quality concerns is whether their random locations and ratings 
in the network might lead to an increase in the imbalance 
index of the network beyond the standard values [11]. 
References [11-12] have investigated the maximum allowable 
number of grid-connected PVs in European and UK 
distribution networks based on voltage imbalance standard 
limitations. However the penetration of rooftop PVs will 
increase the maximum limits. 
In this paper, an analysis has been carried out to 
investigate how PV installations, their random location and 
power generation capacity can cause an increase in VU. Later, 
several efficient practical methods are discussed for VU 
reduction. Based on this analysis, it is shown that a 
DSTATCOM installation can reduce VU. In this paper, the 
best possible location for DSTATCOM and its efficient 
control method to reduce VU will be presented. The results are 
verified through PSCAD/EMTDC and Monte Carlo 
simulations. 
II. NETWORK UNDER CONSIDERATION 
A sample radial low voltage residential urban distribution 
network is considered for VU investigations. The simplified 
equivalent single line diagram of one phase of the network is 
illustrated in Fig. 1. In this model, the PVs are all grid-
connected where the surplus of the electricity generated will 
flow to the grid. In addition, PVs are designed to operate close 
to unity power factor based on IEEE Recommended Practice 
for Utility Interface of Photovoltaic Systems [13]. The 
schematic diagram of the PV connected to grid is shown in 
Fig. 2. 
For calculating the VU, it is necessary that the network to 
be analysed and the voltages at the desired nodes to be 
calculated. Based on the KCL on each node, for the kth node of 
Fig. 1 we have 
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where Zf is the feeder impedance between two adjacent nodes, 
Vi, i=1,…,N is the single-phase voltage of the ith node, ZL,k is 
the load impedance connected to kth node, VPV,k and XPV,k are 
PV voltage and impedance connected to kth node. In (1), 
controlling constant β is equal to 1 when there is a PV 
connected to kth node, otherwise, it is zero.  
Fig. 1. Schematic single line diagram of the studied LV residential 
distribution network.
 
Fig. 2. Schematic diagram of a PV connection to grid. 
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where PPV,k and QPV,k are respectively the active and reactive 
power output of the PV connected to kth node. Assuming PPV,k 
and QPV,k to be constant and |Vk| and δk are known, |VPV,k| and 
δPV,k can be calculated. It must be noted that since the PVs are 
working in unity power factor, QPV,k is zero. To calculate Vk 
from (1)-(2), an iterative method is required. Starting with a 
set of initial values, the entire network is solved to determine 
Vk. Once the solution converges, the sequence components are 
calculated.  
These sequence components are later used for VU calculation 
as 
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where V– and V+ are the negative and positive sequence of the 
voltage, respectively. This will be referred to as percentage 
VU in the paper. 
III. NETWORK ANALYSIS 
Since the power consumption of the loads are different, 
there will be different voltage drops along the feeder. This will 
result in different voltage amplitudes at different locations 
along the feeder. This phenomenon can result in high VU 
especially at the end of the feeders. The voltage profile of the 
network is shown in Fig. 3a. The VU versus the length of the 
feeder is shown in Fig. 3b. In the network under consideration, 
VU at the beginning of the feeder is 0.85% as it has increased 
to 1.85 % at the end. This phenomenon is just due to the 
nature of the network loads at the studied time snap shot. 
By installing the PVs in the network, VU will increase [14]. 
The reason is based on this fact that, installing a PV changes 
the voltage profile in the network, causing the three voltage 
amplitudes to differ more from each other and hence a higher 
VU. This issue is shown in Fig. 4. As it can be seen from this 
figure, by installing a PV in different locations along the 
feeder (beginning, middle and end) and with different ratings, 
the voltage profile of the phase to which the PV is connected 
will vary. Hence the difference between this voltage amplitude 
and the voltage amplitude of the other phases increase, 
resulting in a higher VU. 
Due to the nature of the distribution networks, the 
residential loads in the network are always varying. In addition 
to this, the power output generated from the rooftop PVs are 
completely dependent on the environment conditions (like 
solar radiation and ambient temperature) which is different in 
a 24-hour and 365-day periods. Therefore, for investigating 
the general aspect of VU in the distribution networks, with 
such great uncertainties in the amount of electric loads and PV 
generation, a stochastic analysis based on Monte Carlo is used 
in this paper.  
Assuming the ratings of PVs from zero to 5 kW and the 
householders’ electric consumption varying from 0 to 6 kW 
(in different time snap shots), the Probability Density Function 
(PDF) of VU for 1000 Monte Carlo trials are shown in Fig. 5. 
As seen in this figure, the VU mean value (λ) is 1.84% at the 
end of the feeder. Let us define the risk index as the 
probability of VU being more than 2% standard limit. In Fig. 
5, this index is 33.5% at the end of the feeder. 
Fig. 3. (a) Network voltage profile (b) VU versus the length of feeder.
Fig. 4. Variation of phase A voltage profile versus the location and rating 
of the PV in phase A. 
 
Fig. 5. Probability density function of VU for 1000 scenarios of random 
location and ratings of PVs. 
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 IV. CONVENTIONAL IMPROVEMENT METHODS 
Three conventional improvement methods are discussed in 
this section. Another cost-effective method is discussed later 
in section V. 
A. Feeder Cross-section Increase 
This will result in reducing the voltage drop along the 
feeder and therefore, there will be little difference among the 
voltage amplitude of three phases of a feeder at the end. The 
results of a stochastic study are shown in Fig. 6a for two 
different cross-sections of 70 and 95 mm2. As it can be seen 
from this figure, λ decreases from 1.84 to 1.56% at the end of 
the feeder. 
B. Capacitor Installation 
The second effective method is installation of pad mounted 
switched capacitors in the LV feeders. Based on IEEE Guide 
for Application of Shunt Power Capacitors, for uniformly 
distributed loads, the capacitor should be placed two-thirds of 
the distance from the distribution transformer [15]. It is 
important to note that if a three-phase capacitor is installed on 
a LV feeder, the voltage imbalance will almost remain the 
same. But if instead, three single-phase switched capacitors 
utilized, where just a single-phase capacitor is connected to the 
phase with voltage amplitude less than 0.95 pu, with the help 
of proper operation command of capacitor regulator, the 
voltage profile on that phase can be shifted up and made closer 
to the voltage amplitude of other phases. In this case, the 
voltage imbalance can be improved effectively. The results of 
The Monte Carlo results for this case are shown in Fig. 6b and 
indicate that λ is decreased from 0.36 to 0.28% at the 
beginning and from 1.84 to 1.41% at the end of the feeder 
when a 15 kVar capacitor with the described characteristics, is 
installed at the 2/3 feeder length from the beginning of the 
feeder. Some other methods can be used to define the best 
capacitor placement for this purpose. 
C. Cross-section Increase and Capacitor Installation 
The third improvement method is combination of the 
previous two methods. The VU improvement in this method 
has much effective results compared to when each of them 
employed separately. In the studied case, it decreases from 
1.84 to 1.18% at the end of the feeder, as shown in Fig. 6c.  
The risk indices for the above three conventional 
improvement methods are given in Table I. 
TABLE I.        RISK INDICES OF VU AT THE END OF THE FEEDER FOR THE 
STUDIED LV DISTRIBUTION NETWORK BASED ON STOCHASTIC SIMULATIONS 
 Cross-section 
increase 
Capacitor 
Placement 
Cross-section increase 
and capacitor 
Risk Index (RI %) 4.8 2.3 0 
 
V. DSTATCOM APPLICATION FOR VU REDUCTION 
Let us now install a DSTATCOM at the end of the feeder. 
The proposed DSTATCOM will be controlled as a balanced 
voltage source. For this purpose, it is necessary that it can 
inject required amount of active and reactive power based on 
the instantaneous values of network voltage amplitude and 
angle at Point of Common Coupling (PCC).  
Fig. 6. PDF of VU at feeder end for (a) feeder cross-section increase (b) 
capacitor installation in feeder (c) combination of cross-section and 
capacitor. 
 
A. DSTATCOM Structure 
The proposed DTSTACOM is consisted of three single-
phase H-bridge Voltage Source Converters (VSC) using 
IGBTs as shown in Fig. 7. The outputs of each H-bridge are 
connected to single-phase transformers and the three 
transformers are star connected. The resistance Rf represents 
the switching and transformer losses, while the inductance Lf 
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 represents the leakage reactance of the transformers and the 
filter capacitor Cf is connected to the output of the 
transformers to bypass the switching harmonics. 
Fig. 7. Proposed DSTATCOM structure.
B. DSTATCOM Control  
The single-phase equivalent circuit of the VSC is shown in 
Fig. 8. The rest of the network is represented by voltage 
source Veq and equivalent resistance (Req) and inductance (Leq) 
as shown in the figure. In this figure, u⋅Vdc1 represents the 
converter output voltage, where u is the switching function 
that can take on ±1 value depending on which pair of the 
IGBTs is turned on. The main aim of the converter control is 
to generate u.  
 
Fig. 8. Single-phase equivalent circuit of DSTATCOM at PCC.
 
Let the state vector be defined by 
[ ]compcfcfT iivx =  (5)
From the circuit of Fig. 8, state space description of the system 
can be given as 
eqc VBuBxAx 21 ++=  (6)
where uc is the continuous time version of switching function 
u. The discrete-time equivalent of (6) is 
( ) ( ) ( ) ( )kvGkuGkFxkx eqc 211 ++=+  (7)
Based on this model and a suitable feedback control law, 
uc(k) is computed. In this paper, capacitor reference voltage 
generation is based on stabilizing the voltage amplitude to 1 
pu at PCC. In this way, it is expected that the VU due to 
different voltage amplitudes between three phases will be 
minimized while improving the voltage profile of the network. 
Later, the PCC voltage is fixed by appropriate switching of 
IGBTs. The switching control laws are given by 
( ) ( ) ( )[ ]kxkxKku refc −−=  (8)
where k is a gain matrix and xref is the reference vector. The 
gain matrix in this paper was obtained by LQR based on 
optimal control which ensures the desired results of the system 
while the variations of system load and source parameters are 
within acceptable limits of reality. From uc(k), the switching 
function is the generated based on an error level determination 
generated by 
1 then  elseif
1 then  If
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+=>
uhu
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c
c  (9)
where h shows the error level and has very small value. A 
more detail on converter control is given in [1]. 
C. DSTATCOM Location 
Based on the location of DSTATCOM along the feeder, the 
voltage amplitudes of three phases are set equal at PCC. 
Therefore, the voltage profile of the network has a rise to 1 pu 
(or any desired value) by DSTATCOM. Hence, the VU is 
minimized at PCC. A study is carried out in this paper to 
investigate the most optimal location of DSTATCOM. As it 
can be seen in Fig. 9, if the DSTATCOM is installed around 
2/3 of the feeder beginning, it has the best effect on VU 
reduction all along the feeder. 
 
Fig. 9. VU profile along the feeder for different locations of DSTATCOM.
D. Simulation Results 
For proving the efficacy of the studies, a worst case has 
been studied. It is assumed that at a specific time snapshot, the 
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 loads are heavily unbalanced while many PVs are installed on 
a low load phase generating maximum power while the other 
two phases have no installed PVs. In this situation, VU profile 
along the feeder is shown in Fig. 10. It can be seen from this 
figure that, network VU is about 1.4% at feeder end which 
increases to 4.2% due to PVs. VU is reduced now from 4.2% 
to less than 1% due to the DSTATCOM installation. 
Fig. 10. Network VU reduction thanks to DSTATCOM installation.
 
For studying the dynamic characteristics of the case, a 
PSCAD/EMTDC simulation is carried out. The efficacy of the 
system is shown for different situations in the network. The 
results are shown in Fig. 11. In Fig. 11a, at 0.2 sec, there is a 
sudden load increase which results in VU increase in the 
network. The effect of DSTATCOM is shown in Fig. 11b. As 
seen from this figure, the DSTATCOM is capable of 
effectively reducing VU in load change times. The same 
results are achieved during PV output power generation 
variations.  
      
(a) 
(b) 
Fig. 11. Network VU waveform (a) without any DSTATCOM, (b) with 
DSTATCOM in the feeder. 
VI. CONCLUSIONS 
An analysis was carried out to investigate how PV 
installations, their random location and power generation 
capacity can cause an increase in VU in the network. Three 
conventional improvement methods were discussed and their 
efficacy was proved for VU risk index reduction using Monte 
Carlo method. It was shown that installation of a DSTATCOM 
at 2/3 of the beginning of the feeder can reduce VU 
effectively. The efficacy of DSTATCOM application for this 
purpose was verified using PSCAD/EMTDC simulations. 
APPENDIX 
Table II. Technical Parameters of the Studied LV Distribution Network 
Transformer 11/0.415 kV, 500 kVA, Δ/ Υ grounded, x=0.04 pu,  
Feeder  70 mm2 Aerial Bundle Cable (z=0.551+j×0.088) Ω/km 
 50 mm2 ACSR, 2 km overhead line, (z=1.08+j×0.302) Ω/km  
Rooftop PV 1-5 kW, unity power factor, L=5mH 
Loads 1 kW, cosϕ=0.95, z=51.9840+j×17.0863 Ω  (All on phase A) 
2 kW, cosϕ=0.95, z=25.9920+j×8.5432 Ω  (All on phase B) 
3 kW, cosϕ=0.95, z=17.3280+j×5.6954 Ω  (All on phase C) 
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